SubmittedtoIEEETRANSACTIONSONVERYLARGESCALEINTEGRATION(VLSI)SYSTEMS 1 Cell-Based Multilevel Carry-Increment Adders withMinimalAT-andPT-Products RetoZimmermannandHubertKaeslin Abstract�Carry-selectadditiontechniquesimplythecom-putationofdoublesumandcarrybitswithsubsequentselectionofthecorrectvalues,resultinginsigni�cantareaoverheads.Thisoverheadincreasesmassivelywhentheselection schemeisappliedtomultiplelevelsinordertofurtherreduce computationtime.Arecentlyproposedreduced-areascheme forcarry-selectadderslowersthisoverheadbycomputing thecarryandsumbitsforablock-carry-invalueof0only andbyincrementingthemafterwardsdependingonthe�nal block-carry-in.Theresultingcarry-incrementaddercutscir-cuitsizedownby23%withnochangeinperformance.This paperextendsthisincrementschemehierarchicallytobuild multilevelcarry-incrementadders. Itisshownthatsuch addersareconsiderablyfasterwhilemaintainingthesame areacomplexity.Theimplemented2-levelcarry-increment adderhasroughlythesamesizeasthe1-levelversion,butis upto29%faster.Forlargewordlengths(upto128bits),its area-delayproductaswellasitspower-delayproductisthe smallestofallknownadderarchitecturesforcell-basedde-signtechnologies.Comparisonsarecarriedoutonthebasis ofunitgate-delayandgate-countmodelsaswellasCMOS standard-cellimplementations.

IndexTerms�Computerarithmetic,fastcell-basedad-ditiontechniques,multilevelcarry-select/carry-increment adders,VLSICMOSstandard-celldesign,powerconsumption.I.INTRODUCTION WITHrespecttoasymptotictimeandareacomplexity,binaryadderarchitecturescanbedividedintothreeprimary classes[1].TableIliststheseclasseswiththeircomplexitymeasuresandtheirassociatedadderschemes.The�rstclassconsists oftheveryslowripple-carryadderwiththesmallestarea.The carry-skipandcarry-selectadderswithvariableblocksizesform thesecondadderclassandgiveagoodcompromisecombiningrelativelysmallarearequirementswithsubstantiallyshortenedcomputationtimes.Forfurtherdelayreduction,groupsof skip/select-blockscaninturnbeskippedorselectedbyadditional levelsofskipping/selectioncircuitry.Thedelaysoftheresulting multilevelcarry-skipandcarry-selectschemesdecreasewhile theirareacostsincreasewiththenumberofhierarchylevels l▷ The same as for the carryselect adder holds true for the derived carryincrement adder described in this paper▷ Carrylookahead parallelpreαx and conditionalsum adders from the third class Manuscript received July 25 1995, revised March 11 1996▷ The authors are with the Integrated Systems Laboratory Swiss Federal Institute of Technology ↼ETH↽ Zurich Switzerland▷ IEEE Log Number 9507076▷

TABLE I CLASSIFICATION OF ADDER ARCHITECTURES▷ area delay ATproduct adder schemes O(n) O(n) O(n2) ripple-carry

carry-skip, O(n) O(n 1_l+1_)

O(n^l

+2_l+1_{) carry-select,}

carry-increment

carry-lookahead,

O(n log n) O(log n) O(n log2n) parallel-pre�x,

conditional-sum

represent the fastest possible addition techniques at the expense

of the largest circuit sizes. Circuit speed can be traded off against

area even further within each adder class by choosing the appro-

priate adder type as well as an optimum number of levels for

multilevel schemes.

The carry-skip adder (CSKA) [1], [2], [3] has an area increase

of only 15 - 30% over the ripple-carry adder (RCA) caused by the

propagate signal generation and the skip multiplexers (Fig. 1a).

Multilevel skipping techniques as well as �exible block sizing

[4], [5] allow for further speed improvement. The fact that carry

generation starts and carry redistribution ends in slow ripple-

carry blocks constrains all skip blocks to be relatively small and

thus limits the speed gain substantially. Testability as well as au-

tomatic circuit optimization is limited by the inherent hardware

redundancy in carry-skip adders. Existing redundancy removal

techniques [6] solve this problem, but sacri�ce the advantage of

small area.

Carry-select adders (CSLA) [1], [7] are about 25% faster, but

also up to 50% larger than comparable carry-skip adders. Speed

improvement here is achieved by distributing the block-carry-in

to all sum bits of a block in parallel (Fig. 1b). This results in

fewer but larger blocks and a shorter delay. The carry-select

adder can also be made faster by applying multiple levels of

select-circuitry at considerably increased area costs.

The conditional-sum adder (COSA) [2], [8] is a hierarchical

carry-select adder with a maximum number (log n↽ of selection levels ↼Fig▷ 1d↽▷ It represents the fastest possible adder scheme on the basis of a unit gatedelay model but the large number of multiplexers makes it very costly▷ Instead of computing both possible sum bits in advance and selecting the correct one via multiple levels of multiplexers the same intermediate information can be coded in pairs of gen erate◁propagate signals which eventually determine the correct sum bits through a αnal XOR▷ Since the computation of new generate◁propagate pairs in each level is done with much sim pler gates than multiplexers the overall gatecount is almost cut in half▷ This simpliαed structure is known as parallelpreαx ↼or

2 Submitted to IEEE TRANSACTIONS ON VERY LARGE SCALE INTEGRATION ↼VLSI↽ SYSTEMS

adderschemesa▷epsi 56 � 25 mm (a) adderschemesb.epsi 59 � 34 mm

(b) adderschemesc.epsi 53 � 38 mm

(c)

adderschemesd.epsi 99 � 48 mm

(d) adderschemese.epsi 76 � 49 mm

(e) Fig. 1. Schemes of (a) carry-skip, (b) carry-select, (c) carry-increment, (d) conditional-sum, and (e) parallel-pre�x adders.

binary/bitwise carry-lookahead) adder (PPA) [9], [10] and represents the simplest and most regular carry-lookahead scheme (Fig. 1e). Bounded fan-out parallel-pre�x algorithms have been proposed which are based on tree-like generation and redistribution of carries to avoid additional delays caused by large fanouts1. These pre�x techniques range from small and slow [11] to large and fast [12] circuit solutions with hybrid solutions in between [13] (see also [14]). On the other hand, unboundedfanout structures for pre�x computation [15] perform redistribution of carries in parallel, resulting in fewer gate delays but larger fan-outs2. Note that the well-known carry-lookahead adder3 (CLA) [1], [2], [16] is in fact a bounded fan-out parallel-pre�x adder with block sizes larger than two bits (i.e. usually four bits). The various pre�x algorithms are also applicable to the conditional-sum adder scheme, resulting in diverse multiplexer trees differing in size and speed [14].

The above principle of using generate/propagate signal pairs can also be applied to the carry-select adder in order to reduce its circuit size. The resulting carry-increment adder scheme (CIA) was proposed and published by Tyagi [17].

In this paper we introduce a new adder structure that combines the carry-increment approach with the processing of carry bits on multiple levels of hierarchy. 2-level carry-increment adders are discussed as a special case of this multilevel carry-increment

1In bounded fan-out circuits, all gate fan-outs are limited by a constant factor (e.g. 2).

2In unbounded fan-out circuits, gate fan-outs are usually dependent on word length and can be very large, making additional buffering necessary. 3The name carry-lookahead adder is sometimes also used for discrete 4-bit adder components with linear delay, such as the SN 74181.

adder scheme. It will be shown that computation times are substantially reduced while the extra area required is minimal which, together, results in extremely low AT-product and PT-product values. It is demonstrated that multilevel speed-up schemes do not necessarily lead to higher area complexities.

This work is substantiated by performance comparisons of the proposed adder schemes with a variety of well-known addition techniques and focuses on cell-based VLSI technologies, such as standard-cells, sea-of-gates, and FPGAs. The cell-based approach is justi�ed by its wide-spread use in the ASIC design community and its compatibility with hardware synthesis,which in turn satis�es the demand for ever higher productivity.

The paper is organized as follows. The previously published carry-increment scheme is described in Section II. Our new 2-level carry-increment adder architecture is then introduced in Section III. Section IV outlines the properties of carry-increment schemes with more than two levels. Section V summarizes the adder comparisons carried out and discusses the results with respect to circuit area, delay, and power requirements. Finally, some conclusions based on the performed investigations are drawn in Section VI.

In the following sections circuit size and delay estimations are done on the basis of a simple gate-count and gate-delay model, which accounts for fan-in but not for fan-out and wire length �gures. Therefore each two-input gate is counted as one elementary gate except for the XOR, which has a gatecount of two. Likewise the delay through an elementary gate is counted as one gate-delay, while the XOR contributes two gatedelays. Note that buffers and inverters are not countedwithin this

ZIMMERMANN AND KAESLIN: CELL-BASEDMULTILEVELCARRY-INCREMENTADDERS 3

selinccella.epsi 26 � 47 mm

(a) selinccellb.epsi 26 � 47 mm

(b) selinccellc.epsi 22 � 47 mm

(c) Fig. 2. (a), (b) Select and (c) increment adder cells.

unit-gate model. Additionally, in order to obtain more realistic comparison results for the different adder structures, exact delay and area measures are takenfrom placedandrouted VLSI CMOS standard-cell implementations.

II. THE 1-LEVEL CARRY-INCREMENT ADDER The carry-increment principle used in the proposed adders can be explained using different approaches. As already mentioned, the same technique which transforms the area-intensive conditional-sumadderinto an area-ef�cientparallel-pre�x structure can be applied to the carry-select adder.

A more intuitive approach is shown in Fig. 1b/c. Instead of computing two results for each block and selecting the correct one, only one sum is calculated and incremented afterwards if necessary, according to the carry input. Thus the second adder and the multiplexers in the carry-select scheme (b) can be replaced by a much smaller incrementer structure (c). Put differently, the computation of a second sum and carry bit is reduced to the generation of a propagate signal per bit position. Furthermore, this increment logic can be incorporated into the adder logic, thus reducing the circuit size even further. The delay from the block-carry-in to the block-carry-out and the sum bits is still small and independent of the block size. Note that the propagate signals do not add any delay because they are generated simultaneously and with fewer gates than the (slower) carry signals.

In his reduced-area scheme for carry-select adders [17] Tyagi shows how the two ripple-chains for both possible block-carry-in values in a typical carry-select adder can be replaced by one ripple-chain and some additional increment logic. Let us start with the logic equations of a carry-select adder bit-slice (Fig. 2a) with a gate-count of 14:

g_i = a_i b_i p_i = a_i ⊕ b_i c0_i = g_i + p_i c0_i�1 c1_i = g_i + p_i c1_i�1 s0_i = p_i ⊕ c0_i�1 s1_i = p_i ⊕ c1_i�1 s_i = c_{pb} s0_i + c_{pb} s1_i , where c0_i (c1_i ) denotes the carry at the ith bit position with blockcarryin 0↼1↽ and c_{pb} is the carry output of the previous block▷ Table II gives a summary of all used signal names and their meanings▷ In a αrst step the order of the XOR and multiplexer op

TABLE II SIGNAL DESCRIPTIONS▷ signal description a_i b_i s_i ith primary adder input◁output bit c_{in} c_{out} c_i carryin carryout ith carry bit c0_i c1_i s0_i s1_i ith carry◁sum bits for blockcarryin / 0◁1 g_i p_i ith generate◁propagate bit c_{pb} c1_{pb} c2_{pb} carryout of previous ↼level1◁2↽ block c_{tb} c1_{tb} c2_{tb} carryout of this ↼level1◁2↽ block P_i P 1_i P 2_i ↼level1◁2↽ block propagate up to ith bit P_{pb} P 1_{pb} P 2_{pb} propagate of previous ↼level1◁2↽ block P_{tb} P 1_{tb} P 2_{tb} propagate of this ↼level1◁2↽ block

eration for the sum bit computation can be reversed result ing in c i�1= cpb c0i�1+ cpb c1i�1 and si = pi ⊕ ci�1. Since c1_i = c0_i +c1_i holds for the two carries ↼i▷e▷ c 0_i = 1 ⇒ c1_i = 1), the ffrst equation can be reduced to c_i�1= c0_i�1+ c_{pb} c1_i�1. Thus,

the simpli�ed carry-select adder bit-slice (Fig. 2b) counts 11 gates and computes

g_i = a_i b_i p_i = a_i ⊕ b_i c0_i = g_i + p_i c0_i�1 c1_i = g_i + p_i c1_i�1 c_i�1= c0_i�1+ c_{pb} c1_i�1 s_i = p_i ⊕ c_i�1. The following transformations show that c1_i = g_i + p_i c1_i�1 can be reduced to c^{10}_i = pi c^1_i�1: c_i = c0_i + c_{pb} c1_i = g_i + p_i c0_i�1+ c_{pb} (g_i + p_i c1_i�1) = g_i + p_i c0_i�1+ c_{pb} g_i + c_{pb} p_i c1_i�1 = g_i + p_i c0_i�1+ c_{pb} p_i c1_i�1 = c0_i + c_{pb} c1^0_i . Here c1^0_i becomes a block propagate for bit positions k through i and is renamed P_i ↼k is the αrst bit of the block and P_k�1= 1). Also, the principle of sum bit selection has changed to an incrementer structure, where each sum bit is toggled depending on the carry of the previous bit position, the carry of the previous block, and the actual block propagate. Therefore this adder type is referred to as 1-level carry-increment adder throughout this paper. Its basic full-adder bit-slice counts 10 gates and contains the following logic (Fig. 2c):

g_i = a_i b_i p_i = a_i ⊕ b_i P_i = p_i P_i�1 c0_i = g_i + p_i c0_i�1 c_i = c0_i + P_i c_{pb} s_i = p_i ⊕ c_i�1. The carryout c_i of the last slice in a block is the block carryout c tb▷ The and◁or gates determining c i have now been rearranged ↼i▷e▷ moved into the previous slice↽ in order to get a more regular block structure ↼see Fig▷ 3↽▷ Note that the delay from c pb to s i increased while the delay from c 0i�1to si decreased compared with the original carryselect cell ↼Fig▷ 2a↽ which however has no effect on block sizes or addition speed▷ The entire adder structure is depicted in Fig▷ 3▷ As demon strated only three logically different slices are required and their arrangement is linear and straightforward▷ The gatedelay model used yields the following optimal block and maximum

4 Submitted to IEEE TRANSACTIONS ON VERY LARGE SCALE INTEGRATION ↼VLSI↽ SYSTEMS

incblock▷epsi 86 � 92 mm

Fig. 3. 1-level carry-increment adder structure.

adder sizes for a given delay:

gate-delays 4 6 8 10 12 14 16 18 20 22 24 ... 34 block sizes 2 3 4 5 6 7 8 9 10 11 ... 16 max. adder size 2 4 7 11 16 22 29 37 46 56 67 ... 137 As an example, an adder with a delay of 24 gates can have a maximum of 67 bits with block sizes of 2, 3, ..., 11. Note that each increment block counts one more bit than its predecessor (same as in Tyagi [17]), and that each additional block adds two gate-delays to the adder. The carry computation in the �rst slice is sped up using a fast majority gate (i.e. c0 = a0b0 + a0cin + b0c_{in}↽ which is counted here as two gatedelays▷ III▷ THE 2LEVEL CARRYINCREMENT ADDER For further speed improvement Tyagi proposes a selectpreαx adder scheme where the ripplecarry blocks of his carryselect adder are replaced by parallelpreαx blocks▷ The resulting delay reduction is considerable but at the expense of a massively increased area consumption▷ The basic idea of the new adder scheme introduced in this pa per is to exchange the ripplecarry blocks of the carryincrement adder for a second level of carryincrement adders▷ This section shows how the two levels of increment logic can be merged in a structure which makes use of the same basic fulladder cell as the 1level adder▷ Thus the resulting 2level carryincrement adder has nearly the same size as the 1level version▷ Yet the size of the largest ripplecarry block and thus the delay grows only with O(n 1/3) instead of O(n 1/2), which increases speed

substantially for medium and large word lengths.

Let us now derive the structure and the bit-slice logic of the 2-level carry-increment adder. A ffrst-level increment block coninc2cella.epsi

36 � 53 mm

(a) inc2cellb.epsi 49 � 53 mm

(b) Fig. 4. 2-level increment adder cell with (a) 13 and (b) 10 gates.

sists of full-adder slices with ripple-carry propagation, whereas the second-level increment blocks are composed of �rst-level blocks. Finally, the whole adder is composed of several secondlevel increment blocks. Each second-level block gets c^2_{pb} as blockcarryin and advances its carryout c 2tb to the next block▷ The inputs to a αrstlevel block are c 1pb and c 2pb as blockcarryins of levels 1 and 2 and P 2pb as propagate signal from all previous αrstlevel blocks within the same secondlevel block▷ By adding the secondlevel increment logic to the formulae of the 1level carryincrement bitslice we obtain. g_i = a_i b_i p_i = a_i ⊕ b_i P 1_i = p_i P 1_i�1 P 2_i = p_i P 2_i�1 c0_i = g_i + p_i c0_i�1 c_i = c0_i + P 1_i c1_{pb} + P 2_i c2_{pb} s_i = p_i ⊕ c_i�1. Additionally each αrstlevel block has to compute its propa gate and carryout signal P 2_{tb} = P 1_{tb} P 2_{pb} c1_{tb} = c0_{tb} + P 1_{tb} c1_{pb}, and each secondlevel block its carryout c2_{tb} = c1_{tb} + P 2_{tb} c2_{pb}. P 1_{tb} and c 0_{tb} denote P 1_i and c 0_i of the last αrstlevel block slice whereas P 2tb is used as P 2i�1of the �rst slice in the next �rst-level

block.

However, this adder slice has an increased gate-count of 13 (Fig. 4a). Since P^2_i can be expressed by P^2_i = P^1_i P^2_{pb} the following transformations are possible. c_i = c0_i + P 1_i c1_{pb} + P 2_i c2_{pb} = c0_i + P 1_i c1_{pb} + P 1_i P 2_{pb} c2_{pb} = c0_i + P 1_i (c1_{pb} + P 2_{pb} c2_{pb}) = c0_i + P 1_i c_{pb}, where c_{pb} = c1_{pb} + P 2_{pb} c2_{pb} is constant within each αrstlevel increment block and can be precomputed once ↼Fig▷ 4b right↽▷ Thus the simpliαed fulladder bitslice has again the same struc ture as the 1level adder slice with a gatecount of 10 ↼Fig▷ 4b left↽.

ZIMMERMANN AND KAESLIN. CELLBASED MULTILEVEL CARRYINCREMENT ADDERS 5

inc2block▷epsi 85 � 143 mm

Fig. 5. 2-level carry-increment adder structure.

g_i = a_i b_i p_i = a_i ⊕ b_i P 1_i = p_i P 1_i�1 c0_i = g_i + p_i c0_i�1 c_i = c0_i + P 1_i c_{pb} s_i = p_i ⊕ c_i�1. Furthermore every αrstlevel block has to compute P 2_{tb} = P 1_{tb} P 2_{pb} c1_{tb} = c0_{tb} + P 1_{tb} c1_{pb} c_{tb} = c1_{tb} + P 2_{tb} c2_{pb} once while the blockcarryout c 2tb of a secondlevel block corresponds to the carryout c tb of its last αrstlevel block▷ The 2level carryincrement adder structure is depicted in Fig▷ 5▷ As can be seen all the needed gates can be arranged so that every bitslice contains the same 10 gates with the ex ception of some smaller slices▷ However some slices differ in routing and one additional small slice is required for the αnal carryout generation thus resulting in 6 logically different slices▷ The linear arrangement of the slices is again straightforward and thus also suited for tiledlayout and automated layout generation▷ The block size computation for the 2level carryincrement adder is still quite simple and can be expressed by exact formulae▷

The optimal block and maximum adder sizes for a given number of gatedelays are. gatedelays 4 6 8 10 12 14 16 18 20 22 αrstlevel block sizes 1 2 3 4 5 6 7 8 secondlevel block sizes 1 2 4 7 11 16 22 29 37 max▷ adder size 2 3 5 9 16 27 43 65 94 131 Note again that each αrstlevel block counts one more bit than its predecessor and that each secondlevel block counts one more αrstlevel block than its predecessor▷ Thus an increase of the overall delay by two gates allows the adder to be expanded by an additional ↼larger↽ secondlevel block▷ As was demonstrated the 2level carryincrement adder con sists of the same basic cell as the 1level version and has only slightly larger cells at the beginning of each increment block▷ Thus the massive speed improvement by the second increment level comes at negligible additional area costs▷ IV▷ MULTILEVEL CARRYINCREMENT ADDERS Carryincrement adders with more than two increment levels are built by applying the same scheme as for the 2level adder repeatedly▷ The example of a 3level carryincrement adder shows that the gatecount increase remains small whereas a gatedelay reduction is achieved only for adder sizes larger than 64 bits ↼see results section↽▷ This holds true for a larger number of levels as well▷ Also the circuit structure becomes more complex and the upper limit of 10 gates is exceeded for some bitslices▷ Therefore the 2level carryincrement adder seems to be the best compromise between high areatime performance and low circuit complexity for adder sizes of up to 128 bits▷ Note that at the other extreme a carryincrement adder scheme with a maximum number of levels ↼= log n↽ leads to an unbounded fanout parallelpreαx algorithm▷ This special case differs from all other multilevel carryincrement schemes in being slightly faster at considerably higher area costs▷ V▷ COMPARISONS AND RESULTS A▷ Adder Architectures Compared All main adder architectures were compared for word lengths of 8 16 32 64 and 128 bits with carry input and output▷ The realization of the ripplecarry adder ↼RCA4↽ is straightfor ward▷ The 1◁2level carryskip adders ↼CSKA1L◁2L↽ the 1 level carryselect adders ↼CSLA1L↽ and the 1◁2◁3level carry increment adders ↼CIA1L◁2L◁3L↽ were implemented using variable block sizes▷ The optimal block sizes were determined by minimizing the overall circuit delay and equalizing all paral lel signal paths under the given unit gatedelay model▷ This was achieved by constructing adders with maximum block sizes and numbers of bits for some given delays and cutting them down to the required adder sizes ♭4♯▷ The block sizes for the carryselect adders are the same as for the carryincrement adders which are given in the tables from the previous sections▷ Three types of parallelpreαx architectures were chosen. the unbounded fanout structure used by Sklansky ♭8♯ ♭14♯ ↼PPA SK↽ and the two bounded fanout preαx algorithms by Brent 4All adder acronyms are summarized in Table III with a short architecture description▷

6 Submitted to IEEE TRANSACTIONS ON VERY LARGE SCALE INTEGRATION ↼VLSI↽ SYSTEMS and Kung ♭11♯ ↼PPABK↽ and Kogge and Stone ♭12♯ ↼PPAKS↽▷ The conditionalsum adders ↼COSA↽ use the unbounded fanout preαx structure by Sklansky▷ Finally a carrylookahead adder ↼CLA↽ with 4bit blocks was chosen as a representative of the ordinary carrylookahead scheme ♭16♯▷ As already mentioned this scheme corresponds to PPABK with a blocking factor of four rather than two▷ For adder sizes not being a power of four CLA uses 2bit blocks in the αrst level▷ Other adder architectures were also studied but not taken into consideration for the comparisons here because they do not provide better performing structures for cellbased design tech niques than the above architectures they are derived from▷ They include various parallelpreαx ♭10♯ ♭13♯ ♭18♯ conditionalsum ♭14♯ and carryskip ♭19♯ ♭20♯ adders as well as some hybrid architectures ♭21♯δ♭26♯ which partly make use of advanced ↼i▷e▷ not standardcell conform↽ circuit techniques▷ B▷ UnitGate Model First comparisons were performed under a simple unitgate model▷ Each twoinput gate has a gatecount and a gatedelay of one except for the XOR◁XNOR having gatecounts and gate delays of two▷ Gates with more inputs are composed of twoinput gates using their fastest possible arrangement and summing up their gatecounts and gatedelays ↼e▷g▷ 4input AND. gatecount 3 gatedelay 2↽▷ Inverters and buffers are ignored▷ Note that this unitgate model is very similar to the fanin model where the fanin of a gate is taken as its gatecount▷ The drawbacks of these models are that fanout and wire length contributions are not accounted for▷ Table III lists the gatecount gatedelay and gatecount×}⊣⊔⌉↖ ⌈⌉↕⊣† √∇≀⌈⊓⌋⊔ ⇐}⌋×}⌈↖√∇≀⌈⊓⌋⊔⇒ ⌋≀⇕√↕⌉§⟩⊔⟩⌉∫ {≀∇ ⊣↕↕ ⟩\⊑⌉∫⊔⟩}⊣⊔⌉⌈ ⊣⌈⌈⌉∇ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉∫ ⊣∫ ⊣ {⊓\⌋⊔⟩≀\ ≀{ ⊔⟨⌉ ⊒≀∇⌈ ↕⌉\}⊔⟨ ⇐⊣↕↕ ⊣⌈⌈⌉∇∫ ⊒⟩⊔⟨ ⌋⊣∇∇†↖⟩\⇒↙ B⌉⌋⊣⊓∫⌉ ∫≀⇕⌉ ≀{ ⊔⟨⌉ ⌉§⊣⌋⊔ {≀∇⇕⊓↕⊣⌉ ⊣∇⌉ ∐⊓⟩⊔⌉ ⌋≀⇕√↕⌉§⇔ ≀\↕† ⊔⟨⌉⟩∇ ⊣∫†⇕√⊔≀⊔⟩⌋ ≀∇⌈⌉∇ ⟩∫ }⟩⊑⌉\ ⌊† ⊔⟨⌉ ⟨⟩}⟨⌉∫⊔ ⌉§√≀\⌉\⊔ ≀{ ⊔⟨⌉ ⊒≀∇⌈ ↕⌉\}⊔⟨ n and its multiplication factor▷ Note that PPABK and CLA are the only adder architectures within the group of O(log n) gate-delays that have linear gate-count complexity. However, their custom layout solutions usually require O(n log n) area because of regularity reasons (i.e. n bits × O(log n) preffx levels).

The exact gate-count and gate-delay numbers for all adder architectures and sizes are given in Tables IV and V. Table VI gives their relative gate-count×}⊣⊔⌉↖⌈⌉↕⊣† √∇≀⌈⊓⌋⊔∫ ⊒⟩⊔⟨ ⊔⟨⌉ √∇≀√≀∫⌉⌈ ∈↖↕⌉⊑⌉↕ ⌋⊣∇∇†↖⟩\⌋∇⌉⇕⌉\⊔ ⊣⌈⌈⌉∇ ⊣∫ ⊣ ∇⌉{⌉∇⌉\⌋⌉↙ C↙ S⊔⊣\⌈⊣∇⌈↖C⌉↕↕ I⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ A{⊔⌉∇ ∫⌋⟨⌉⇕⊣⊔⟩⌋ ⌉\⊔∇†⇔ ⊣⊓⊔≀⇕⊣⊔⟩⌋ ⊔⟩⇕⟩\} ⊣\⌈ ⊣∇⌉⊣ ⇕⟩\⟩⇕⟩‡⊣⊔⟩≀\ ⊒⊣∫ √⌉∇{≀∇⇕⌉⌈ ≀\ ⊣↕↕ ⌋⟩∇⌋⊓⟩⊔∫ ⟩\ ≀∇⌈⌉∇ ⊔≀ ≀√⊔⟩⇕⟩‡⌉ √⌉∇{≀∇⇕⊣\⌋⌉ ⊓\⌈⌉∇ ∫⊔⊣\⌈⊣∇⌈↖⌋⌉↕↕ ↕⟩⌊∇⊣∇† ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\∫↙ C⟩∇⌋⊓⟩⊔ ∫⟩‡⌉ ⊣\⌈ ∫⊔⊣↖ ⊔⟩⌋ ⊔⟩⇕⟩\} ⇐⟩↙⌉↙ ⌋∇⟩⊔⟩⌋⊣↕ √⊣⊔⟨⇒ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊒⊣∫ ⌉§⊔∇⊣⌋⊔⌉⌈ {∇≀⇕ ⊔⟨⌉ ⌋≀⇕√⟩↕⌉⌈ ↕⊣†≀⊓⊔ ⌊† ⊔⊣‖⟩\} ⟩\⊔≀ ⊣⌋⌋≀⊓\⊔ ⊔⟨⌉ ⊣⌋⊔⊓⊣↕ ⊒⟩∇⟩\} ⌋≀\⊔∇⟩↖ ⌊⊓⊔⟩≀\∫ ⊣∫ ⊒⌉↕↕ ⊣∫ ∇⊣⇕√ ⌈⌉↕⊣†∫ ⊣⊔ ⊔⟨⌉ √∇⟩⇕⊣∇† ⟩\√⊓⊔∫ ⊣\⌈ ≀⊓⊔√⊓⊔∫ ⌊⊣∫⌉⌈ ≀\ ⊔†√⟩⌋⊣↕ ⌉§⊔⌉∇\⊣↕ ⌈∇⟩⊑⟩\} ∫⊔∇⌉\}⊔⟨ ⊣\⌈ ⌋⊣√⊣⌋⟩⊔⟩⊑⌉ ↕≀⊣⌈ ⊑⊣↕⊓⌉∫ ⇐{⊣\↖≀⊓⊔ ℑ ∞⇒↙ F⟩\⊣↕↕†⇔ ⊔⟨⌉ ⊣⊑⌉∇⊣}⌉ √≀⊒⌉∇ ⌋≀\∫⊓⇕√⊔⟩≀\ ⊒⊣∫ ⌋⊣↕⌋⊓↕⊣⊔⌉⌈ ⌊⊣∫⌉⌈ ≀\ ∫⊔⊣\⌈⊣∇⌈↖⌋⌉↕↕ √≀⊒⌉∇ ⊣\⌈ \≀⌈⌉ ⌋⊣√⊣⌋⟩↖ ⊔⊣\⌋⌉ ⊣\⌈ ⊔∇⊣\∫⟩⊔⟩≀\ ⟩\{≀∇⇕⊣⊔⟩≀\ ≀⌊⊔⊣⟩\⌉⌈ {∇≀⇕ }⊣⊔⌉↖↕⌉⊑⌉↕ ∫⟩⇕⊓↖ ↕⊣⊔⟩≀\ ⊒⟩⊔⟨ ⊣ ∫⌉⊔ ≀{ ∞′′′ ∇⊣\⌈≀⇕ ⟩\√⊓⊔ √⊣⊔⊔⌉∇\∫ ∪∈⊎⇔ ∪∈∀⊎↙ A↕↕ ⌉§↖ ⊣⇕⟩\⊣⊔⟩≀\∫ ⊒⌉∇⌉ ⌈≀\⌉ ⊒⟩⊔⟨ ⊔⟨⌉ CMN∀A ′.8μm 5 V doublemetal

CMOS highdensity standardcell library from VLSI Technology Inc▷ using the design tools by COMPASS Design Automation▷ The cell primitives used by the circuit optimizer include multiinput AND◁NAND◁OR◁NORgates various AOI◁OAI gates twoinput XOR◁XNORgates and twoinput multiplex ers▷ Since the usage of fulladder cells for the ripplecarry and carryselect adders showed better area but worse speed and AT◁PTproduct performances no such cells were used for the comparisons▷ Tables VIIIδX list the area delay and relative areadelay ↼AT↽ product measures for the standardcell implementations af ter placement and routing▷ The corresponding average power dissipation and relative powerdelay ↼PT↽ product numbers are given in Tables VII and XI with the proposed CIA2L acting as reference▷ Note that the delays are given for worstcase PTV conditions ↼slow process 70oC 4▷8 V↽ whereas typicalcase numbers ↼typical process 27oC 5▷0 V↽ are obtained by multi plication with a derating factor of 0▷56▷ Worstcase conditions are also assumed for power estimation ↼fast transistors 0oC 5▷5 V↽▷ Figs▷ 6 and 7 give a graphical representation of the comparison results obtained from the standardcell implementations▷ Area vs delay resp▷ power vs delay measures are drawn on a logarithmic scale visualizing the areadelay and powerdelay tradeoffs for some important adder architectures▷ D▷ Results and Discussion The results from the standardcell implementation compar isons are subsequently discussed▷ Compared to the ripplecarry adder ↼RCA↽ which has the smallest area and longest delay the carryskip adders ↼CSKA↽ are much faster with a moderate area increase▷ The carryincrement adders ↼CIA↽ achieve fur ther speed improvement at small additional area costs▷ 2level implementations of both carryskip and carryincrement adders ↼CSKA2L CIA2L↽ are considerably faster but only slightly larger than their 1level counterparts ↼CSKA1L CIA1L↽▷ Be cause the carryincrement adder is a simpliαcation of the carry select adder ↼CSLA↽ it outperforms the latter in all respects▷ The various parallelpreαx addition schemes open a wide range of solutions with different area and time performances▷ The unbounded fanout parallelpreαx scheme ↼PPASK↽ rep resents the fastest adder architecture for large word lengths at the price of quite large area requirements▷ The bounded fanout structure by Brent and Kung ↼PPABK↽ is more area efαcient but has a longer computation time▷ It has similar performance values as the proposed CIA2L▷ The bounded fanout parallel preαx adder by Kogge and Stone ↼PPAKS↽ suffers from the very large circuit size and routing overhead▷ The advantage of bounded fanout is therefore destroyed by the large capacitive load of long wires which degrades circuit speed and overall per formance signiαcantly▷ The carrylookahead adder ↼CLA↽ being a 4bit block version of PPABK is somewhat faster but consid erably larger than the latter▷ Note that the 8 32 and 128bit versions of CLA have better area performance because their αrst lookahead level consist of 2bit blocks ↼as in PPABK↽▷ Finally the conditionalsum adder ↼COSA↽ has a very high area cost which annihilates its speed advantage for large word lengths▷ Regarding the areadelay product the two carryincrement

ZIMMERMANN AND KAESLIN. CELLBASED MULTILEVEL CARRYINCREMENT ADDERS 7 TABLE III ADDER COMPLEXITIES ↼UNITGATE MODEL↽▷ adder gate gate gc�gd- architecture type count delays product description RCA 7 n 2 n 14 n^2 ripplecarry CSKA1L 8 n 4 n1^{/2} 32 n 3^{/2} 1level carryskip CSKA2L 8 n x n 1/3 ⇀ x n 4/3 ⇀ 2level carryskip CSLA1L 14 n 2.8 n 1/2 39 n 3/2 1level carryselect CIA1L 10 n 2.8 n 1/2 28 n 3/2 1level carryincrement CIA2L 10 n 3.6 n 1/3 36 n 4/3 2level carryincrement CIA3L 10 n 4.4 n 1/4 44 n 5/4 3level carryincrement PPASK 3/2 n log n 2 log n 3 n log 2n unbounded fanout parallelpreαx ↼Sklansky↽ PPABK 10 n 4 log n 40 n log n bounded fanout parallelpreαx ↼BrentKung↽ PPAKS 3 n log n 2 log n 6 n log2n bounded fanout parallelpreαx ↼KoggeStone↽ CLA 14 n 4 log n 56 n log n Ψstandardν carrylookahead ↼i▷e▷ 4bit PPABK↽ COSA 3 n log n 2 log n 6 n log2n unbounded fanout conditionalsum ↼Sklansky↽ ⇀ The exact factors for CSKA2L have not been computed due to the highly irregular optimal block sizes▷

layoutnormat▷ps 89 � 89 mm

Fig. 6. Area vs delay (logarithmic scale).

and the PPA-BK architectures perform best for all adder sizes with the proposed CIA-2L having the lowest AT-product values for large word lengths. The least area-time ef�cient structures are RCA, CSLA, PPA-KS, and COSA.

A high correlation can be observed between area and power requirements, which is clearly documented by the similarity of the two graphs in Figs. 6 and 7. This fact is not surprising, however, because dynamic power dissipation mainly originates from charging node capacitances and thus is linearly dependent on the number of circuit nodesand on wire lengths. Therefore, all area-ef�cient structures like RCA, CSKA, CIA, and PPA-BK are also the most power-ef�cient ones. The carry-increment adders layoutnormpt.ps 89 � 89 mm

Fig. 7. Power vs delay (logarithmic scale).

perform best regarding the power-delay product for all adder sizes with the 2-level version (CIA-2L) having the lowest PTproduct for large word lengths. On the other hand, RCA, CSLA, PPA-KS, and COSA show weak power-delayperformance. Note that structures with heavily loaded nodes(PPA-KS, COSA) show a signi�cantly higher power/area ratio.

The power dissipated in glitching transitions (i.e. transitions that are followed by an inverse transition within the same computation cycle) is of special interest and was investigated, too. Generally, sourcesofglitchesaregateswhereanoutputtransition caused by a �rst input change is undone by a second, delayed transition on another input. This potentially occurs in every

8 Submitted to IEEETRANSACTIONSON VERY LARGESCALE INTEGRATION(VLSI)SYSTEMS

TABLE IV GATE-COUNT.

adder word length [bits] type 8 16 32 64 128 RCA 58 114 226 450 898 CSKA-1L 76 146 286 554 1090 CSKA-2L 71 158 323 633 1248 CSLA-1L 87 194 403 836 1707 CIA-1L 78 157 314 631 1266 CIA-2L 79 158 316 635 1273 CIA-3L 80 159 324 639 1280 PPA-SK 73 165 373 837 1861 PPA-BK 70 147 304 621 1258 PPA-KS 88 216 520 1224 2824 CLA 92 204 428 876 1772 COSA 115 289 687 1581 3563

TABLE V GATE-DELAY.

adder word length [bits] type 8 16 32 64 128 RCA 16 32 64 128 256 CSKA-1L 12 16 24 32 48 CSKA-2L 12 16 20 24 32 CSLA-1L 10 12 18 24 34 CIA-1L 10 12 18 24 34 CIA-2L 10 12 16 18 22 CIA-3L 10 12 16 18 20 PPA-SK 10 12 14 16 18 PPA-BK 12 16 20 24 28 PPA-KS 10 12 14 16 18 CLA 12 16 20 24 28 COSA 8 10 12 14 16

TABLE VI GATE-COUNT�GATE-DELAYPRODUCT (NORMALIZED).

adder word length [bits] type 8 16 32 64 128 RCA 1.17 1.92 2.86 5.04 8.21 CSKA-1L 1.15 1.23 1.36 1.55 1.87 CSKA-2L 1.08 1.33 1.28 1.33 1.43 CSLA-1L 1.10 1.23 1.43 1.76 2.07 CIA-1L 0.99 0.99 1.12 1.32 1.54 CIA-2L 1.00 1.00 1.00 1.00 1.00 CIA-3L 1.01 1.01 1.03 1.01 0.91 PPA-SK 0.92 1.04 1.03 1.17 1.20 PPA-BK 1.06 1.24 1.20 1.30 1.26 PPA-KS 1.11 1.37 1.44 1.71 1.82 CLA 1.40 1.72 1.69 1.84 1.77 COSA 1.16 1.52 1.63 1.94 2.04

TABLE VII POST-LAYOUTPOWER (μW◁MHz↽▷ adder word length ♭bits♯ type 8 16 32 64 128 RCA 89 188 331 703 1440 CSKA1L 103 199 373 731 1493 CSKA2L 104 197 380 785 1551 CSLA1L 110 253 568 1238 2679 CIA1L 100 206 412 857 1789 CIA2L 108 213 428 865 1817 PPASK 105 238 495 1098 2389 PPABK 105 204 428 863 1786 PPAKS 113 294 616 1458 3534 CLA 110 225 463 1030 1987 COSA 120 305 769 1848 4709

TABLE VIII POSTLAYOUT AREA ↼k λ2↽▷ adder word length ♭bits♯ type 8 16 32 64 128 RCA 230 410 723 1626 3643 CSKA1L 282 596 943 1944 4134 CSKA2L 299 586 1018 2191 4575 CSLA1L 306 669 1302 2751 6282 CIA1L 280 540 1070 2232 4950 CIA2L 318 555 1139 2284 5069 PPASK 303 638 1421 3239 7522 PPABK 268 503 1114 2222 4908 PPAKS 348 950 1914 4676 13626 CLA 324 661 1299 3104 5997 COSA 379 863 2065 4920 12879

TABLE IX POSTLAYOUT DELAY ↼ns↽▷ adder word length ♭bits♯ type 8 16 32 64 128 RCA 7▷7 13▷9 27▷7 53▷8 103▷8 CSKA1L 6▷4 8▷5 12▷4 17▷1 25▷4 CSKA2L 6▷6 8▷0 11▷8 15▷1 20▷4 CSLA1L 5▷9 7▷3 10▷0 13▷8 20▷8 CIA1L 5▷6 7▷5 10▷3 13▷9 20▷0 CIA2L 5▷7 7▷4 9▷8 11▷8 14▷7 PPASK 5▷9 7▷4 8▷9 10▷6 13▷3 PPABK 6▷3 8▷1 10▷1 12▷7 15▷6 PPAKS 5▷8 7▷2 9▷1 12▷1 16▷6 CLA 5▷6 7▷3 10▷0 11▷5 14▷4 COSA 5▷2 6▷5 9▷1 11▷7 16▷7

TABLE X POSTLAYOUT ATPRODUCT ↼NORMALIZED↽▷ adder word length ♭bits♯ type 8 16 32 64 128 RCA 0▷97 1▷39 1▷79 3▷24 5▷07 CSKA1L 1▷00 1▷23 1▷04 1▷23 1▷41 CSKA2L 1▷10 1▷13 1▷07 1▷22 1▷25 CSLA1L 1▷00 1▷19 1▷17 1▷40 1▷75 CIA1L 0▷87 0▷98 0▷98 1▷14 1▷33 CIA2L 1▷00 1▷00 1▷00 1▷00 1▷00 PPASK 0▷99 1▷14 1▷13 1▷26 1▷34 PPABK 0▷94 0▷98 1▷01 1▷04 1▷03 PPAKS 1▷12 1▷67 1▷56 2▷10 3▷03 CLA 1▷01 1▷17 1▷16 1▷32 1▷16 COSA 1▷08 1▷37 1▷67 2▷13 2▷89

TABLE XI POSTLAYOUT PTPRODUCT ↼NORMALIZED↽▷ adder word length ♭bits♯ type 8 16 32 64 128 RCA 1▷11 1▷66 2▷18 3▷70 5▷59 CSKA1L 1▷08 1▷07 1▷10 1▷22 1▷42 CSKA2L 1▷12 0▷99 1▷06 1▷16 1▷18 CSLA1L 1▷06 1▷17 1▷35 1▷67 2▷08 CIA1L 0▷92 0▷97 1▷00 1▷16 1▷34 CIA2L 1▷00 1▷00 1▷00 1▷00 1▷00 PPASK 1▷01 1▷11 1▷05 1▷13 1▷18 PPABK 1▷09 1▷04 1▷03 1▷07 1▷04 PPAKS 1▷07 1▷34 1▷33 1▷73 2▷19 CLA 1▷01 1▷04 1▷10 1▷16 1▷07 COSA 1▷01 1▷26 1▷66 2▷11 2▷95

ZIMMERMANN AND KAESLIN. CELLBASED MULTILEVEL CARRYINCREMENT ADDERS 9

circuit with unequal signal path delays and multiple relatively independent input signals▷ Sources of glitches within adder cir cuits are the XOR◁multiplexer gates used for sum bit generation and the carry propagation circuits which are subject to race con ditions under certain input patterns▷ The average glitching power contributions range from 10ϱ for 8bit up to 20ϱ for 128bit adders whereas the glitching activity of the primary outputs can be as high as 50ϱ in the worst case▷ No signiαcant systematic variations between different adder architectures can be observed regarding glitching power▷ Furthermore the potential for power savings by suppressing glitching transitions ↼e▷g▷ balancing of path delays by buffer insertion to avoid race conditions↽ is very limited due to the large signal delay differences and the addi tional buffer node activity▷ The comparison results obtained allow the conclusion that RCA and CSKA are the choices for small area and moderate speed requirements whereas CIA2L and PPASK are the best performing candidates for highspeed demands▷ It is interesting to observe that the area and speed numbers of CIA2L lie between the two parallelpreαx algorithms PPABK and PPASK▷ Thus the proposed 2level carryincrement scheme proves to be a high performing adder architecture which strongly conserves low area and short delay properties also for large adder sizes and under consideration of actual wiring contributions▷ In addition to the investigations described so far the same adder circuits were also optimized and compared using a 0.5μm standardcell library and tools by Synopsys Inc▷ with however only predictive capacitance information▷ The results highly match the ones given above and show again the best performance αgures for the CIA2L PPABK and PPASK architectures▷ E▷ More General Observations It can be observed that the gatedelay and gatecount measures are quite inaccurate when compared to the numbers obtained from actual layout realizations especially for the area intensive adder architectures▷ This is because the unitgate model used disregards basic aspects such as fanout and wiring contribu tions▷ The fanin model mentioned earlier has not shown better results▷ In order to get more reliable preroute information on circuit complexity and speed the model has to be reαned by in corporating fanout and interconnection aspects▷ This becomes even more important for deep submicron technologieswhere RC delays from wiring become dominant▷ On the other hand the unitgate models are good enough for indicating some general tendencies and for allowing a rough architecture classiαcation with respect to circuit area and delay complexity▷ Another obvious observation is that areaintensive structures ↼like PPAKS COSA↽ suffer from considerable speed degrada tions caused by long wires and interconnection delays whereas circuits with smaller area demands preserve their performance during the layout phase▷ In other words efαcient speedup is not always achieved by using exhaustive parallelization and hard ware duplication techniques▷ The conclusion is that architectures resulting in small circuit sizes will get increasing performance advantages in area delay and power respects as process feature sizes shrink▷ Note that all adder architectures can also be classiαed re garding their fanout properties▷ Bounded fanout structures are found in RCA CSKA PPABK and CLA whereas CSLA CIA PPASK PPAKS and COSA have unbounded fanouts▷ Unbounded fanout circuits are usually faster due to a higher par allelism but also larger which together with the higher fanout loads slows down computation again▷ Both classes of fanout schemes contain area and time efαcient adder structures▷ The unitgate model based examinations demonstrate that CIA2L is slower than PPASK by only two gatedelays with the exception of the 128bit adder▷ It can be shown that this holds for all multilevel carryincrement adders except for the one with the maximum ↼log n↽ number of levels which actually is equivalent to PPASK▷ Thus all carryincrement adders with an intermediate number of levels offer no speed advantage over the 2level implementation but have higher area costs▷ There fore the two extremes with two ↼CIA2L↽ resp▷ log n ↼PPASK↽ increment levels represent the best performing multilevel carry increment adder schemes▷ Further investigations on 4bit block versions of different parallelpreαx adder architectures have shown no advantages of such structures over their 2bit block counterparts whereas solutions with a blocking factor of eight have turned out to be come considerably larger and slower▷ Hybrid adder architectures which are mainly used in full custom implementations of ALUs and multipliers ♭21♯δ♭26♯ were marginally considered in this study▷ The advantages of these architectures seem to lie in the efαcient implementation of speciαc subblocks using advanced circuit techniques such as passtransistor logic or dynamic logic ↼e▷g▷ manchesterchain adders ♭2♯↽ which are not compatible with cellbased technolo gies▷ Investigations based on the unitgate model have shown no performance advantages of such hybrid adder architectures▷ Put differently most addition speedup techniques seem to reveal their full potential when consistently applied to as large blocks as possible instead of mixing them up▷ Fullcustom implementations and layout generators ask for adder architectures with high circuit regularity like e▷g▷ CSKA CIA and PPA▷ Because the layout size of fast parallelpreαx and conditionalsum adders ↼O(n log n)) grows in both dimensions depending on the word length (1st dimension. number of bits 2nd dimension. number of levels↽ the 2level carryincrement adder is the fastest adder structure with linear layout arrangement and area demands ↼O(n)). AT- and PT-product minimization are, of course, not the only optimization criteria for adder circuits. Tight speed, power, or area constraints cut down possibilities of choice from circuit architectures with diverse performance trade-offs. However, ATand PT-product measures help ffnding the most efffcient solution from a set of possible circuit candidates.

The presented standard-cell investigation results can by no means be applied to transistor-level design techniques, which open many more circuit alternatives and leave room for further AT- and PT-product optimizations. There, usage of dedicated logic styles and circuit techniques ffi such as pass-gate/passtransistor logic or dynamic logic ffi potentially increases circuit efffciency of multiplexer structures and linear carry-chains. As a result, custom conditional-sum or hybrid adder implementations, for instance, are documented to be highly competitive [21]ffi[26], resulting in signiffcantly different architecture comparison out-

10 Submitted to IEEE TRANSACTIONS ON VERY LARGE SCALE INTEGRATION (VLSI) SYSTEMS

comes.

VI. CONCLUSIONS

The proposed multilevel carry-increment addition scheme achieves addition speeds comparable to carry-lookahead and parallel-preffx adders with area requirements close to that of the carry-skip adders. Through its lowest AT- and PT-products, high regularity, and simple blocking scheme, the 2-level carryincrement adder becomes a good choice for a wide range of applications, including layout generators and cell-based arithmetic unit synthesis. The proposed adder structure shows that efffcient multilevel speed-up techniques can be realized with a negligible area overhead, as opposed to e.g. multilevel carryselect schemes.

The adder architecture comparisons for cell-based VLSI technologies ffi such as standard-cells, sea-of-gates, and FPGA ffi presented in this paper have shown that the only well-performing alternatives to the proposed multilevel carry-increment adder are the ripple-carry and the carry-skip adders for lower area and some parallel-preffx adders for higher speed requirements. The well-known carry-select scheme is outperformed by the simpliffed carry-increment structure in all respects and must therefore be considered obsolete. The same holds true for any multilevel carry-select structure and, as a special case, the conditionalsum adder, which compares poorly to the related parallel-preffx scheme.

In addition, the increment scheme can be used more universally. In his paper [17] Tyagi replaced the ripple-carry blocks of the carry-increment adder by parallel-preffx blocks, resulting in a hybrid select-preffx adder with a reduction in area and delay compared to a full parallel-preffx adder. Other possible applications are adders with late carry-in which has to be processed very quickly, as used in modulo (2^n − ∞⇒ ≀∇ ∞≃∫↖⌋≀⇕√↕⌉⇕⌉\⊔ ⊣⌈⌈⌉∇∫ ⊒⟩⊔⟨ ⌉\⌈↖⊣∇≀⊓\⌈ ⌋⊣∇∇† ∪∈∃⊎↙ T⟨⟩∫ ⌋⊣\ ⌊⌉ ⌈≀\⌉ ⌉{⊘⌋⟩⌉\⊔↕† ⌊† ⊣√↖ √↕†⟩\} ⊣\ ⊣⌈⌈⟩⊔⟩≀\⊣↕ ⟩\⌋∇⌉⇕⌉\⊔ ↕⌉⊑⌉↕ {≀∇ ⊔⟨⌉ ↕⊣⊔⌉ ⌋⊣∇∇†↖⟩\ ⊔≀ ⊔⟨⌉ ⌉\⊔⟩∇⌉ ⊣⌈⌈⌉∇↙ T⟨⌉ ∇⌉∫⊓↕⊔⟩\} ⊣⌈⌈⌉∇ ⌋⟩∇⌋⊓⟩⊔ ⟩∫ ≀\↕† ∫↕⟩}⟨⊔↕† ↕⊣∇}⌉∇ ⊣\⌈ ∫↕≀⊒⌉∇ ⊔⟨⊣\ ⊣ \≀∇⇕⊣↕ ⇐∈≃∫↖⌋≀⇕√↕⌉⇕⌉\⊔⇒ ⌋⊣∇∇†↖⟩\⌋∇⌉⇕⌉\⊔ ⊣⌈⌈⌉∇↙ REFERENCES ∪∞⊎ J↙ L↙ H⌉\\⌉∫∫† ⊣\⌈ D↙ A↙ P⊣⊔⊔⌉∇∫≀\⇔ C≀⇕√⊓⊔⌉∇ A∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉¬ A Q⊓⊣\⊔⟩⊔⊣⊔⟩⊑⌉ A√√∇≀⊣⌋⟨⇔ M≀∇}⊣\ K⊣⊓{⇕⊣\\ P⊓⌊↕⟩∫⟨⌉∇∫⇔ ∞∃∃′↙ ∪∈⊎ I↙ K≀∇⌉\⇔ C≀⇕√⊓⊔⌉∇ A∇⟩⊔⟨⇕⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕∫⇔ P∇⌉\⊔⟩⌋⌉ H⊣↕↕⇔ ∞∃∃∋↙ ∪∋⊎ M↙ L⌉⟨⇕⊣\ ⊣\⌈ N↙ B⊓∇↕⊣⇔ ⊖S‖⟩√ ⊔⌉⌋⟨\⟩∐⊓⌉∫ {≀∇ ⟨⟩}⟨↖∫√⌉⌉⌈ ⌋⊣∇∇† √∇≀√⊣}⊣↖ ⊔⟩≀\ ⟩\ ⌊⟩\⊣∇† ⊣∇⟩⊔⟨⇕⌉⊔⟩⌋ ⊓\⟩⊔∫⪰⇔ IRE T∇⊣\∫↙ E↕⌉⌋⊔∇≀\↙ C≀⇕√⊓⊔↙⇔ ⊑≀↕↙ EC↖∞′⇔ \≀↙ ∞∈⇔ √√↙ ∄∞∘∄∀⇔ D⌉⌋↙ ∞∃∞̸↙ ∪△⊎ S↙ T⊓∇∇⟩\⟩⇔ ⊖O√⊔⟩⇕⊣↕ }∇≀⊓√ ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\ ⟩\ ⌋⊣∇∇†↖∫‖⟩√ ⊣⌈⌈⌉∇∫⪰⇔ ⟩\ P∇≀⌋↙ ∃⊔⟨ C≀⇕√⊓⊔⌉∇ A∇⟩⊔⟨⇕⌉⊔⟩⌋ S†⇕√↙⇔ S⊣\⊔⊣ M≀\⟩⌋⊣⇔ CA⇔ S⌉√⊔↙ ∞∃∀∃⇔ √√↙ ∃∘̸∞′∋↙ ∪▽⊎ V↙ K⊣\⊔⊣⌊⊓⊔∇⊣⇔ ⊖D⌉∫⟩}\⟩\} ≀√⊔⟩⇕⊓⇕ ≀\⌉↖↕⌉⊑⌉↕ ⌋⊣∇∇†↖∫‖⟩√ ⊣⌈⌈⌉∇∫⪰⇔ IEEE T∇⊣\∫↙ C≀⇕√⊓⊔↙⇔ ⊑≀↕↙ △∈⇔ \≀↙ ⇎ √√↙ ▽∃∘△̸⇔ J⊓\⌉ ∞∃∃∋↙ ∪⊎̸ A↙ S⊣↕⌈⊣\⟨⊣⇔ R↙ K↙ B∇⊣†⊔≀\⇔ ⊣\⌈ A↙ L↙ S⊣\}⟩≀⊑⊣\\⟩↖V⟩\⌋⌉\⊔⌉↕↕⟩⇔ ⊖C⟩∇⌋⊓⟩⊔ ∫⊔∇⊓⌋⊔⊓∇⌉ ∇⌉↕⊣⊔⟩≀\∫ ⊔≀ ∇⌉⌈⊓\⌈⊣\⌋† ⊣\⌈ ⌈⌉↕⊣†⪰⇔ IEEE T∇⊣\∫↙ C≀⇕√⊓⊔⌉∇↖A⟩⌈⌉⌈ D⌉∫⟩}\⇔ ⊑≀↕↙ ∞∋⇔ \≀↙ ⇔ √√↙ ∀▽∘∀∀∋⇔ J⊓↕† ∞∃∃△↙ ∪⊎ O↙ J↙ B⌉⌈∇⟩|⇔ ⊖C⊣∇∇†↖∫⌉↕⌉⌋⊔ ⊣⌈⌈⌉∇⪰⇔ IRE T∇⊣\∫↙ E↕⌉⌋⊔∇≀\↙ C≀⇕√⊓⊔↙⇔ ⊑≀↕↙ EC↖∞∞⇔ \≀↙ ⇎ √√↙ ∋△′∘∋△⇎ J⊓\⌉ ∞∃∉↙ ∪∀⊎ J↙ S‖↕⊣\∫‖†⇔ ⊖C≀\⌈⟩⊔⟩≀\⊣↕ ∫⊓⇕ ⊣⌈⌈⟩⊔⟩≀\ ↕≀}⟩⌋⪰⇔ IRE T∇⊣\∫↙ E↕⌉⌋⊔∇≀\↙ C≀⇕√⊓⊔↙⇔ ⊑≀↕↙ EC↖∃⇔ \≀↙ ⇎ √√↙ ∈∈∘̸∈∋∞⇔ J⊓\⌉ ∞∃′̸↙ ∪∃⊎ R↙ E↙ L⊣⌈\⌉∇ ⊣\⌈ M↙ J↙ F⟩∫⌋⟨⌉∇⇔ ⊖P⊣∇⊣↕↕⌉↕ √∇⌉⊘§ ⌋≀⇕√⊓⊔⊣⊔⟩≀\⪰⇔ J↙ ACM⇔ ⊑≀↕↙ ∈⇔ \≀↙ △⇔ √√↙ ∀∋∞∘∀∋∀⇔ O⌋⊔↙ ∞∃∀′↙ ∪∞′⊎ B↙ W↙ Y↙ W⌉⟩ ⊣\⌈ C↙ D↙ T⟨≀⇕√∫≀\⇔ ⊖A∇⌉⊣↖⊔⟩⇕⌉ ≀√⊔⟩⇕⊣↕ ⊣⌈⌈⌉∇ ⌈⌉∫⟩}\⪰⇔ IEEE T∇⊣\∫↙ C≀⇕√⊓⊔↙⇔ ⊑≀↕↙ ∋∃⇔ \≀↙ ▽⇔ √√↙ ̸∘̸▽̸⇔ M⊣† ∞∃∃′↙ ∪∞∞⊎ R↙ P↙ B∇⌉\⊔ ⊣\⌈ H↙ T↙ K⊓\}⇔ ⊖A ∇⌉}⊓↕⊣∇ ↕⊣†≀⊓⊔ {≀∇ √⊣∇⊣↕↕⌉↕ ⊣⌈⌈⌉∇∫⪰⇔ IEEE T∇⊣\∫↙ C≀⇕√⊓⊔↙⇔ ⊑≀↕↙ ∋∞⇔ \≀↙ ∋⇔ √√↙ ∈′̸∘∈△̸⇔ M⊣∇↙ ∞∃∀∈↙ ∪∞∈⊎ P↙ M↙ K≀}}⌉ ⊣\⌈ H↙ S↙ S⊔≀\⌉⇔ ⊖A √⊣∇⊣↕↕⌉↕ ⊣↕}≀∇⟩⊔⟨⇕ {≀∇ ⊔⟨⌉ ⌉{⊘⌋⟩⌉\⊔ ∫≀↕⊓⊔⟩≀\ ≀{ ⊣ }⌉\⌉∇⊣↕ ⌋↕⊣∫∫ ≀{ ∇⌉⌋⊓∇∇⌉\⌋⌉ ⌉∐⊓⊣⊔⟩≀\∫⪰⇔ IEEE T∇⊣\∫↙ C≀⇕√⊓⊔↙⇔ ⊑≀↕↙ ∈∈⇔ \≀↙ ∀⇔ √√↙ ∀∋∘∃∞⇔ A⊓}↙ ∞∃∋↙

∪∞∋⊎ T↙ H⊣\ ⊣\⌈ D↙ A↙ C⊣∇↕∫≀\⇔ ⊖F⊣∫⊔ ⊣∇⌉⊣↖⌉{⊘⌋⟩⌉\⊔ VLSI ⊣⌈⌈⌉∇∫⪰⇔ ⟩\ P∇≀⌋↙ ∀⊔⟨ C≀⇕√⊓⊔⌉∇ A∇⟩⊔⟨⇕⌉⊔⟩⌋ S†⇕√↙⇔ C≀⇕≀⇔ M⊣† ∞∃∀⇔ √√↙ △∃∘▽↙̸ ∪∞△⊎ H↙ L⟩\⌈‖⊑⟩∫⊔ ⊣\⌈ P↙ A\⌈⌉∇∫∫≀\⇔ ⊖T⌉⌋⟨\⟩∐⊓⌉∫ {≀∇ {⊣∫⊔ CMOS↖⌊⊣∫⌉⌈ ⌋≀\↖ ⌈⟩⊔⟩≀\⊣↕ ∫⊓⇕ ⊣⌈⌈⌉∇∫⪰⇔ ⟩\ P∇≀⌋↙ IEEE I\⊔↙ C≀\{↙ C≀⇕√⊓⊔↙ D⌉∫⟩}\¬ VLSI ⟩\ C≀⇕√⊓⊔⌉∇∫ ⊣\⌈ P∇≀⌋⌉∫∫≀∇∫⇔ C⊣⇕⌊∇⟩⌈}⌉⇔ USA⇔ O⌋⊔↙ ∞∃∃△⇔ √√↙ ∉∘̸∌▽↙ ∪∞▽⊎ F↙ E↙ F⟩⌋⟨⇔ ⊖N⌉⊒ ⌊≀⊓\⌈∫ {≀∇ √⊣∇⊣↕↕⌉↕ √∇⌉⊘§ ⌋⟩∇⌋⊓⟩⊔∫⪰⇔ ⟩\ P∇≀⌋↙ ∞▽⊔⟨ ACM S†⇕√↙ T⟨⌉≀∇† C≀⇕√⊓⊔↙⇔ A√∇↙ ∞∃∀∋⇔ √√↙ ∞′′∘∞′∃↙ ∪∞⊎̸ K↙ H⊒⊣\}⇔ C≀⇕√⊓⊔⌉∇ A∇⟩⊔⟨⇕⌉⊔⟩⌋¬ P∇⟩\⌋⟩√↕⌉∫⇔ A∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉⇔ ⊣\⌈ D⌉∫⟩}\⇔ J≀⟨\ W⟩↕⌉† ↘ S≀\∫⇔ ∞∃∃↙ ∪∞⊎ A↙ T†⊣}⟩⇔ ⊖A ∇⌉⌈⊓⌋⌉⌈↖⊣∇⌉⊣ ∫⌋⟨⌉⇕⌉ {≀∇ ⌋⊣∇∇†↖∫⌉↕⌉⌋⊔ ⊣⌈⌈⌉∇∫⪰⇔ IEEE T∇⊣\∫↙ C≀⇕√⊓⊔↙⇔ ⊑≀↕↙ △∈⇔ \≀↙ ∞′⇔ √√↙ ∞∞∉∘∞∞′⇔ O⌋⊔↙ ∞∃∃∋↙ ∪∞∀⊎ T↙ P↙ K⌉↕↕⟩⟨⌉∇⇔ R↙ M↙ O⊒⌉\∫⇔ M↙ J↙ I∇⊒⟩\⇔ ⊣\⌈ T↙↖T↙ H⊒⊣\}⇔ ⊖ELM ∘ ⊣ {⊣∫⊔ ⊣⌈⌈⟩⊔⟩≀\ ⊣↕}≀∇⟩⊔⟨⇕ ⌈⟩∫⌋≀⊑⌉∇⌉⌈ ⌊† ⊣ √∇≀}∇⊣⇕⪰⇔ IEEE T∇⊣\∫↙ C≀⇕√⊓⊔↙⇔ ⊑≀↕↙ △∞⇔ \≀↙ ∃⇔ √√↙ ∞∞∀∞∘∞∞∀△⇔ S⌉√⊔↙ ∞∃∃∈↙ ∪∞∃⊎ A↙ G⊓†≀⊔⇔ B↙ H≀⌋⟨⌉⊔⇔ ⊣\⌈ J↙ M↙ M⊓↕↕⌉∇⇔ ⊖A ⊒⊣† ⊔≀ ⌊⊓⟩↕⌈ ⌉{⊘⌋⟩⌉\⊔ ⌋⊣∇∇†↖∫‖⟩√ ⊣⌈⌈⌉∇∫⪰⇔ IEEE T∇⊣\∫↙ C≀⇕√⊓⊔↙⇔ ⊑≀↕↙ ∋⇎ \≀↙ ∞′⇔ O⌋⊔↙ ∞∃∀↙ ∪∈′⊎ P↙ K↙ C⟨⊣\⇔ M↙ D↙ F↙ S⌋⟨↕⊣}⇔ C↙ D↙ T⟨≀⇕⌊≀∇∫≀\⇔ ⊣\⌈ V↙ G↙ O‖↕≀⌊⌈‡↖ ⟩|⊣⇔ ⊖D⌉↕⊣† ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\ ≀{ ⌋⊣∇∇†↖∫‖⟩√ ⊣⌈⌈⌉∇∫ ⊣\⌈ ⌊↕≀⌋‖ ⌋⊣∇∇†↖↕≀≀‖⊣⟨⌉⊣⌈ ⊣⌈⌈⌉∇∫⪰⇔ ⟩\ P∇≀⌋↙ ∞′⊔⟨ C≀⇕√⊓⊔⌉∇ A∇⟩⊔⟨⇕⌉⊔⟩⌋ S†⇕√↙⇔ G∇⌉\≀⌊↕⌉⇔ J⊓\⌉ ∞∃∃∞⇔ √√↙ ∞▽△∘∞△̸↙ ∪∈∞⊎ D↙ W↙ D≀⌊⌊⌉∇√⊓⟨↕ ⌉⊔ ⊣↕↙⇔ ⊖A ∈′′↖MH‡ △̸↖⌊ ⌈⊓⊣↕↖⟩∫∫⊓⌉ CMOS ⇕⟩⌋∇≀↖ √∇≀⌋⌉∫∫≀∇⪰⇔ IEEE J↙ S≀↕⟩⌈↖S⊔⊣⊔⌉ C⟩∇⌋⊓⟩⊔∫⇔ ⊑≀↕↙ ∈⇔ \≀↙ ∞∞⇔ √√↙ ∞▽▽▽∘∞▽△̸⇔ N≀⊑↙ ∞∃∃∈↙ ∪∈∈⊎ G↙ G⌉∇≀∫⊣ ⌉⊔ ⊣↕↙⇔ ⊖A ∈↙∈ W⇔ ∀′ MH‡ ∫⊓√⌉∇∫⌋⊣↕⊣∇ RISC ⇕⟩⌋∇≀√∇≀⌋⌉∫∫≀∇⪰⇔ IEEE J↙ S≀↕⟩⌈↖S⊔⊣⊔⌉ C⟩∇⌋⊓⟩⊔∫⇔ ⊑≀↕↙ ∈∃⇔ \≀↙ ∞∈⇔ √√↙ ∞△△′∘∞△▽△⇔ D⌉⌋↙ ∞∃∃△↙ ∪∈∋⊎ M↙ M⊣⊔∫⊓⟩ ⌉⊔ ⊣↕↙⇔ ⊖A ∈′′ MH‡ ∞∋ ⇕⇕∈ ∈↖D DCT ⇕⊣⌋∇≀⌋⌉↕↕ ⊓∫⟩\} ∫⌉\∫⌉↖ ⊣⇕√↕⟩{†⟩\} √⟩√⌉↕⟩\⌉ ⊙⟩√↖⊙≀√ ∫⌋⟨⌉⇕⌉⪰⇔ IEEE J↙ S≀↕⟩⌈↖S⊔⊣⊔⌉ C⟩∇⌋⊓⟩⊔∫⇔ ⊑≀↕↙ ∈∃⇔ \≀↙ ∞∈⇔ √√↙ ∞△∀∈∘∞△∃′⇔ D⌉⌋↙ ∞∃∃△↙ ∪∈△⊎ V↙ G↙ O‖↕≀⌊⌈‡⟩|⊣ ⊣\⌈ D↙ V⟩↕↕⌉}⌉∇⇔ ⊖I⇕√∇≀⊑⟩\} ⇕⊓↕⊔⟩√↕⟩⌉∇ ⌈⌉∫⟩}\ ⌊† ⊓∫⟩\} ⟩⇕√∇≀⊑⌉⌈ ⌋≀↕⊓⇕\ ⌋≀⇕√∇⌉∫∫⟩≀\ ⊔∇⌉⌉ ⊣\⌈ ≀√⊔⟩⇕⟩‡⌉⌈ ⊘\⊣↕ ⊣⌈⌈⌉∇ ⟩\ CMOS ⊔⌉⌋⟨\≀↕≀}†⪰⇔ IEEE T∇⊣\∫↙ VLSI S†∫⊔↙⇔ ⊑≀↕↙ ∋⇔ \≀↙ ∈⇔ √√↙ ∈∃∈∘∋′∞⇔ J⊓\⌉ ∞∃∃▽↙ ∪∈▽⊎ N↙ O⟨‖⊓⌊≀ ⌉⊔ ⊣↕↙⇔ ⊖A △↙△ \∫ CMOS ▽△ � 54-b multiplier using pass- transistor multiplexer�, IEEE J. Solid-State Circuits, vol. 30, no. 3, pp. 251�257, Mar. 1995.

[26] J. Mori et al., �A 10-ns 54�54-b parallel structured full array multiplier with 0.5-mum CMOS technologyν IEEE J▷ SolidState Circuits vol▷ 26 no▷ 4 pp▷ 600δ606 Apr▷ 1991▷ ♭27♯ F▷ N▷ Najm ΨA survey of power estimation techniques in VLSI circuitsν IEEE Trans▷ VLSI Syst▷ vol▷ 2 no▷ 4 pp▷ 446δ455 Dec▷ 1994▷ ♭28♯ T▷ K▷ Callaway and E▷ E▷ Swartzlander Jr▷ ΨEstimating the power con sumption of CMOS addersν in Proc▷ 11th Computer Arithmetic Symp▷ Windsor Ontario June 1993 pp▷ 210δ219▷ ♭29♯ C▷ Efstathiou D▷ Nikolos and J▷ Kalamatianos ΨAreatime efαcient mod ulo 2^n � 1 adder design�, IEEE Trans. Circuits and Syst., vol. 41, no. 7,

pp. 463�467, July 1994.